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Abstract. A spin-1/2 frustrated two-leg ladder with four-spin exchange interaction is studied
by quantized Berry phases. We found that the Berry phase successfully characterizes the
Haldane phase in addition to the rung-singlet phase, and the dominant vector-chirality phase.
The Hamiltonian of the Haldane phase is topologically identical to the S = 1 antiferromagnetic
Heisenberg chain. Decoupled models connected to the dominant vector-chirality phase revealed
that the local object identified by the non-trivial (pi) Berry phase is the direct product of two
diagonal singlets.
The S = 1/2 two-leg ladder model with the four-spin exchange interactions has been studied
extensively to clarify physics of LaxCa14−xCu24O41[1–3]. The four-spin ring exchange interaction
introduces frustration into the system and plays an essential role in several models to give rise
to exotic order, such as, the vector chirality order[4], nematic order[5], and octapolar order[6].
Especially, phases in the two-leg ladder model with the four-spin ring exchange interactions
have been studied extensively [7–13]. To clarify its rich phases theoretically, not only correlation
functions corresponding to phases but also entanglement concurrence[14], Lieb-Schulz-Mattis
twist operators[10], and quantized Berry phases[15] have been studied.
The Berry phase is pure quantum quantity due to quantum interference as in the case of the
Aharonov-Bohm effect[16] and has no corresponding classical analogue. The quantized Berry
phase which is proposed to detect the topological and quantum orders can be used as a order
parameter even if there is no classical order parameter[17–19]. It has been successfully applied
to gapped systems such as generalized valence bond solid states, dimerized Heisenberg models
[19–21], surface states in semiconductors[22], and the t-J model[23]. An advantage of the Berry
phase is that it quantizes to 0 or pi even in the finite sized systems in any dimension when the
system has the time reversal invariance. Its quantization is protected against small perturbations
unless the gap closes. This stability enables us to obtain topologically identical models which
have the same result of Berry phases. For these systems, the non-trivial (pi) Berry phase reveals
a local singlet or dimer, which is a purely quantum object.
In the previous study[15], the quantized Berry phases have been defined for models with four-
spin exchange interactions, and have been shown to be useful to characterize the rung-singlet
and dominant vector-chiral phases in the S = 1/2 spin ladder with ring exchange interactions.
It has also been shown that the Hamiltonian of the rung-singlet phase is topologically identical
to a decoupled rung-singled model HRS =
∑N/2
i=1 Si,1 · Si,2 and that of the vector-chiral phase
is identical to a decoupled vector-chiral model HDVC =
∑N/4
i=1 (S2i,1 × S2i,2) · (S2i+1,1 × S2i+1,2).
The latter Hamiltonian includes only four-spin exchange interactions and its ground state is a
direct product of plaquette singlets.
In this paper, we discuss other simple models which are topologically identical to HRS or
HDVC. In addition, we shall extend the quantized Berry phase to the Haldane phase of the
ladder.
Before detailed discussion of results, let us describe the definition of the Berry phase briefly.
Here, the ladder model is generally written as H =
∑N/2
i=1 [Jrhi,1;i,2 + Jl (hi,1;i+1,1 + hi,2;i+1,2)
+Jd (hi,1;i+1,2 + hi,2;i+1,1) + Jrrhi,1;i,2hi+1,1;i+1,2 + Jllhi,1;i+1,1hi,2;i+1,2 + Jddhi,1;i+1,2hi,2;i+1,1] with
hi,α;i′,α′ = Si,α ·Si′,α′ , where all bilinear and quadratic terms in the Hamiltonian are classified as
rung, leg, and diagonal exchange interactions. Especially We define a general frustrated ladder
without four-spin exchange interaction as
Hα,θ = H(Jr = cos θ, Jl = sin θ, Jd = α sin θ, Jrr = Jll = Jdd = 0).
The Berry phase γ depends on how adiabatic parameter φ is introduced to H. For a parameter
dependent Hamiltonian H(φ) with H(φ + 2pi) = H(φ), the Berry phase γ is defined as γ =
i
∫ 2pi
0 A(φ)dφ (mod 2pi), whereA(φ) is the Abelian Berry connection obtained by the single-valued
normalized ground state |gs(φ)〉 of H(φ) as A(φ) = 〈gs(φ)|∂φ|gs(φ)〉. The adiabatic parameter
φ can be introduced by hi,α;i′,α′(φ) =
1
2
(
eiφS+i,αS
−
i′,α′ + e
−iφS−i,αS
+
i′,α′
)
+ Szi,αS
z
i′,α′ + S
z
i,αS
z
i′,α′ .
However, we introduce the spin twist φ only on a specified link. Then, the Berry phase is used
as a local order parameter defined on each link. We consider three kinds of γ; the leg Berry
phase γl, the rung Berry phase γr, and the diagonal Berry phase γd. The rung-singlet phase is
identified by γr = pi, γl = γd = 0 as realized in HRS = Hα=0,θ=0. The dominant vector chirality
phase is identified by γd = pi, γl = γr = 0. If we introduce the spin twist φ on specified two links
simultaneously, we can define another Berry phase.
Under the condition α = 1 of Hα,θ, there is a exact ground state[24]. Using the operator
Ti = Si,1+Si,2, the Hamiltonian is rewritten as Hα=1,θ = cos θ
∑
i Si,1 ·Si,2+sin θ
∑
i Ti ·Ti+1 =
cos θHRS + sin θHT . There are two gapped phases: the rung singlet phase and the Haldane
phase. The transition point is estimated around θc ≃ 0.20pi[25, 26]. It should be emphasized
that the ground state is unique and does not depend on θ in each phase. Its ground state is
either that of HRS, or that of HT . That is, the former is the rung singlet state and the latter is
the ground state of the S = 1 antiferromagnetic Heisenberg chain.
The Berry phase of the S = 1 antiferromagnetic Heisenberg chain has been studied[21],
where the Berry phase has been defined through a S = 1 spin twist to detect the Haldane
phase. That is, a spin-flip term T+i T
−
j + T
−
i T
+
j is replaced with e
iφT+i T
−
j + e
−iφT−i T
+
j , where
T is an operator of S = 1. It is natural to define the Berry phase of HT in the same manner
with replacing Ti = Si,1 + Si,2. The corresponding spin twist is e
iφT+i T
−
j + e
−iφT−i T
+
j =
eiφ
(
S+i1S
−
i+1,1 + S
+
i2S
−
i+1,2 + S
+
i1S
−
i+1,2 + S
+
i2S
−
i+1,1
)
+ h.c.. We define the Berry phase for the
Haldane phase γh by twisting all four bonds between i and i + 1 sites. The fact that γh = pi
indicates the Haldane phase of HT is explained by the valence bond solid picture and confirmed
by the previous study on the S = 1 chain [21].
In Ref. [15], the rung-singlet phase has been identified as γr = pi, γl = γd = 0 in a normal
ladder Hθ,α=0. In addition, the rung
∗ phase identified as γr = γl = γd = 0 has been newly found.
It is naively expected that there be the Haldane phase when the rung bond is ferromagnetic
(pi/2 < θ < pi). To clarify the Haldane phase by γh which has been introduced in this paper,
we calculated Berry phases of Hθ,α=0 for 0 < θ < pi. Figure 1 shows the θ dependence of the
Berry phases at N = 16 except for the gapless point θ = pi/2. The Haldane phase is successfully
identified by γh. γd = 0 is trivial because there is no diagonal interaction.
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Figure 1. Berry phases as
a function of θ of a ladder
Hθ,α=0 at N = 16.
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Figure 2. Energy diagram
around gap-closing point be-
tween the rung singlet and
rung∗ singlet phase of Hθ,α=0
at N = 8 with varying a spin
twist φ on rung bond.
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Figure 3. Schematic phase
diagram of a frustrated ladder
model Hθ,α obtained at N =
8.
To discuss the transition between the rung-singlet and rung∗ phases, the energy diagram as
a function of θ and spin twist φ is shown in fig. 2. Although the gap of untwisted Hamiltonian
H(φ = 0) is smoothly connected[27] , the gap of H(φ = pi) for γr closes at θ = θd. Numerical
data show θd < pi/4 and θd ∼ 0.23pi at N = 20. The Berry phase γr changes at θd. Then,
the rung∗ phase has been identified by the quantum phase transition of H(φ = pi), which is not
contradicting previous studies on the untwisted Hamiltonian (φ = 0), which predict no transition
between 0 < θ < pi/4. However, some papers have implied that the localized rung-singlet picture
is limited to 0 < θ < θd with θd < pi/4[25, 27–29]. Especially some new spin-liquid phase[25]
was predicted in a finite region in the phase diagram of Hα,θ. To clarify that it corresponds to
the rung∗ phase, we calculate the Berry phases of Hα,θ. The numerical result is summarized as
the schematic phase diagram in fig. 3. The rung∗ phase existing in the normal ladder Hθ,α=0
disappears as α approaches to one. At α = 1, there is a direct transition between the rung-
singlet phase and the Haldane phase at θ = θc. θc = Arctan(Jl/Jr)c ≃ 0.20pi is determined by
(Jl/Jr)c ≃ 0.71. This behavior is similar to that of the spin-liquid phase[25], but the relation is
still unclear. Meaning of the rung∗ phase can be revealed by different Berry phase associated
with twisting several links simultaneously as in the case of γh.
Finally, we shall address the decoupled vector-chiral model HDVC. Since HDVC is decoupled,
it is enough to consider the 4 spin problem h
(0)
i , where h
(0)
i = (S2i,1 × S2i,2) · (S2i+1,1 × S2i+1,2)
and HDVC =
∑
i h
(0)
i . The Berry phase of h
(0)
i is obtained as γd = pi, γl = γr = 0. After an
adiabatic transformation, we obtained three models h
(k)
i with the same Berry phases.
The first model is h
(1)
i (θ) with Jr = Jl = cos θ + sin θ, Jd = sin θ, Jll = Jrr = 4 sin θ, Jdd =
−4 sin θ, which is the N = 4 original Hamiltonian with the open boundary condition. It can
be easily shown that h
(1)
i (θ) has γd = pi, γl = γr = 0 between pi/2 < θ
<∼ 0.92pi. The ground
state of h
(1)
i (θ) does not depend on θ and is the direct product of two diagonal singlets. For
parameters Jr = 2Jl, Jl = cos θ + sin θ, Jd = sin θ, Jll = Jrr = 4 sin θ, Jdd = −4 sin θ, the ground
state depends on θ while the Berry phases remain the same for 0.59pi <∼ θ <∼ 0.93pi.
The second model with the same Berry phases is h
(2)
i = −(S2i,1 · S2i+1,2)(S2i,2 · S2i+1,1). Its
ground state is also the direct product of diagonal singlets. Moreover, spin twist φ on a diagonal
link introduced in h
(2)
i can gauged out by the local gauge transformation of S2i,1 or S2i,2. Since
all spin is S = 1/2, it can be proved that γd = pi.
In addition, the third model with the same Berry phases is a diagonal-singlet model
h
(3)
i = S2i,1 ·S2i+1,2+S2i,2 ·S2i+1,1. Its ground state is obviously the direct product of diagonal
singlets. This model reveals that non-trivial diagonal Berry phase γd = pi comes from local
diagonal singlets, since h
(3)
i includes only two-spin interactions. It should be noted that γd
is defined by the spin twist on its diagonal link which affects both two-spin and four-spin
interactions in an adiabatic transformation. If the Berry phase is defined by the spin twist
only in the two-spin interactions, the Berry phase does not remains the same in the adiabatic
transformation to the original Hamiltonian with four-spin ring exchange.
These three models h
(k)
i , (k = 1, 2, 3) are topologically identical to h
(k)
i through the adiabatic
transformation (1 − α)h
(0)
i + αh
(k)
i with adiabatic parameter α, which has been confirmed
numerically. Each ground state of h
(k)
i , (k = 1, 2, 3) is a direct product of the diagonal singlets.
The spin twist φ introduced into h
(k)
i , (k = 2, 3) can be gauged-out. This fact leads to γd = pi.
That is, a local object corresponding to γd = pi of h
(k)
i , (k = 2, 3) is the direct product of two
diagonal singlets in the sense that the local object for γr = pi of HRS is a localized rung singlet.
Note that the spin twist φ introduced into HRS is also able to be gauged-out.
In summary, it has been shown that the Berry phase for the Haldane phase γh is useful for
a frustrated two-leg ladder as γl, γr, and γd are useful in the previous study[15]. Topological
identification is established by adiabatic transformation to the models with exact ground states.
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